In this paper, we classify reflexible regular Cayley maps for dihedral groups.
Introduction
Let G be a finite group, and let X ⊆ G\{1 G } be a generating set for G which is closed under inverse. The Cayley graph C(G, X) for the pair (G, X) has vertex set G, with any two vertices g, h ∈ G joined by an edge whenever g −1 h ∈ X. It follows that the Cayley graphs considered in this article are finite, connected, undirected and simple.
A (topological) map is a 2-cell embedding of a connected graph into a closed surface. We are interested in particular embeddings of Cayley graphs on surfaces. It is well known that to describe an embedding of graph into an orientable surface, one just needs to specify, at every vertex, a cyclic ordering of edges emanating from the vertex. A graph automorphism which can be extended to a homeomorphism of the supporting surface onto itself is called a map automorphism. If the group of orientation-preserving automorphisms of an embedding acts transitively on incident vertex-edge pairs called
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arcs, then this action is also regular. In this case, the embedding (map) is called regular. In addition, if there is an orientation-reversing map automorphism, the map is called reflexible.
For a Cayley graph C(G, X), all edges incident to a vertex g ∈ G have the form {g, gx} where x ∈ X. Hence to describe an embedding of a Cayley graph in an orientable surface, it suffices to specify a cyclic permutation of the generating set at each vertex. If these cyclic permutations are the same at each vertex, which is a cyclic permutation p of the set X, then the embedding is called a Cayley map and is denoted by CM(G, X, p). In this paper, when we describe p clearly, we sometimes omit the description of X because p contains full information of X. Since left multiplication by any fixed element of G induces an orientation-preserving automorphism of CM(G, X, p), Cayley maps are vertex-transitive. So a Cayley map CM(G, X, p) is regular if and only if the stabilizer Aut(M) 1 G of the vertex 1 G in the group Aut(M) acts regularly on the arcs emanating from 1 G . A generator of Aut(M) 1 G satisfies a certain system of identities [6] , subsequently re-stated in terms of so-called skew-morphisms [7] which will be introduced later. For more information on regular Cayley maps, the reader is referred to [1, 7, 16, 17, 18] .
For a Cayley map M = CM(G, X, p), M is called t-balanced if p(x) −1 = p t (x −1 ) for every x ∈ X. In particular, if t = 1 then M is called balanced, and if t = −1, then M is said to be anti-balanced. Note that a Cayley map M = CM(G, X, p) is regular and balanced if and only if there exists a group automorphism ψ of G whose restriction on X is p. Two Cayley maps CM(G 1 , X 1 , p 1 ) and CM(G 2 , X 2 , p 2 ) are said to be equivalent if there exists a group isomorphism φ : G 1 → G 2 mapping X 1 to X 2 such that φp 1 = p 2 φ. Equivalent Cayley maps are isomorphic as maps. On the other hand, isomorphic Cayley maps may not be equivalent as Cayley maps.
The class of cyclic groups is the only class of finite groups on which all regular Cayley maps have been classified due to the work of Conder and Tucker [5] . Regarding other groups, only partial classifications are known (see, e.g. [9, 11, 13, 20] ). In this paper we investigate in detail properties of reflexible Cayley maps for dihedral groups. As the main result, we classify reflexible regular Cayley maps for dihedral groups. The following theorem is the main result.
M is isomorphic to one of the maps in the following list:
for some ℓ satisfying ℓ 2 ≡ 1( mod n), where d is the smallest positive integer such that
(2) A positive integer n is even and M 2 = CM(D n , X 2 , p 2 ) with
. . , a n−2 b, a n−1 ).
(3) A positive integer n = 2m is a multiple of 8 and
(4) n = 3k for some positive integer k and M 4 = CM(D n , X 4 , p 4 ) with
(5) n = 2m = 8k + 4 for some positive integer k and
(6) n = 2m = 4k + 2 for some positive integer k and M 6 = CM(D n , X 6 , p 6 ) with
Furthermore all the Cayley maps listed above are reflexible regular Cayley maps.
Preliminaries
Let G be a finite group. Consider a permutation ϕ of G of order d (in the full symmetric group Sym(G)) and a function π from G to the cyclic group Z d . The function ϕ is said to be a skew-morphism of G with the associated power function π, if ϕ fixes the identity element of G and
Here ϕ j stands for the composition ϕ • · · · • ϕ consisting of j terms. It was proved in [7] that a Cayley map CM(G, X, p) is regular if and only if there exists a skewmorphism ϕ of G such that ϕ(x) = p(x) for each x ∈ X. For a given finite group G with a symmetric generating set X ⊆ G \ {1 G }, and a given regular Cayley map M = CM(G, X, p), we will always use ϕ and π to denote respectively the skewmorphism of M with the property that the restriction of ϕ to X is p, and the associated power function. We will use d to denote the valency of M, and identify the integers 0, 1, . . . , d − 1 with their residue classes modulo d when the context permits. Also, if p = (x 0 , x 1 , . . . , x d−1 ), then we will let c(k) ∈ Z d be the subscript of x −1 k , and so x [7] that all values of a power function π are non-zero when the skew-morphism associated with π is not equal to the identity mapping. The kernel ker(π) of the power function π is defined by ker(π) = {g ∈ G : π(g) = 1}. The following proposition gives some properties of skew-morphisms.
Proposition 2.1. [7] Let ϕ be a skew-morphism of G with the associated power function π. Then The following observation will be useful later on. 
For a given Cayley map M = CM(G, X, p), a bijection τ from G to G is called an antirotary mapping of M if the following three conditions hold for any g ∈ G and x ∈ X:
In fact, an antirotary mapping of M is an orientation-reversing map automorphism fixing 1 G and the converse is also true [6] . So the following proposition holds. For any n, let D n = a, b | a n = b 2 = 1 and ab = ba −1 be the dihedral group of order 2n. For our convenience, let
. . , n} and gcd(i, n) = 1}.
For any integer ℓ with gcd(ℓ, n) = 1, let d be the smallest positive integer such that
, and M(n, ℓ) = CM(D n , X, p) for the resulting regular Cayley map. Wang and Feng [20] showed that all regular balanced Cayley maps on D n are those of the form M(n, ℓ), where gcd(n, ℓ) = 1, and any two such maps on D n with two integers ℓ 1 and ℓ 2 such that gcd(ℓ 1 , n) = gcd(ℓ 2 , n) = 1 are isomorphic if and only if ℓ 1 = ℓ 2 .
Let M = CM(G, X, p) be a regular Cayley map. Suppose, in addition, that there exists a subgroup N ≤ G such that N is normal in G and the the set of N-cosets is a block system of Aut(M). In what follows it will be simply said that G/N is a block system for Aut(M). Furthermore, we set X/N = {Nx | x ∈ X}. Clearly, X/N is a generating subset of the factor group G/N and X/N = (X/N) −1 . Also, since C(G, X) is Aut(M)-arc-regular, no element of X belongs to N, and so 1 G/N / ∈ X/N. There is an action of Aut(M) on the set of blocks, i. e., on G/N. For g ∈ Aut(M), we let g G/N denote the action of g on G/N, and for a subgroup H ≤ Aut(M) set
is well-defined (see [11] ); and so is the Cayley map CM(G/N, X/N, p G/N ). The latter map is called the quotient of M with respect to the block system G/N, and it will be also denoted by M/N. We note that the quotient map M/N coincides with the so called Cayley-quotient induced by the normal subgroup N which was defined by Zhang [19] , and in the same paper M is also referred to as the Cayley-cover of M/N. We collect below some properties (see [11, Corollary 3.5 
]):
Proposition 2.5. Let M = CM(G, X, p) be a regular Cayley map with associated skew-morphism ψ and power function π, and let N ≤ G be a normal subgroup in G and G/N is a block system for Aut(M). Then the following hold: 
Recall that, the core of a subgroup A ≤ B in the group B is the largest normal subgroup of B contained in A. We say that A is core-free in B if its core in B is trivial. We will use the following classification result proved in [10] . 
is an odd number, and M is equivalent to the Cayley map
Remark 2.7. For small positive integers n with 2 ≤ n ≤ 4, the regular Cayley maps M on D n such that cyclic subgroup L(A n ) is core-free in Aut(M) can be easily obtained (see also [11, Theorem 2.8] ). Up to equivalence, these are the following maps:
We will also make use of two further results from [10] . Finally, we will need the following result about skew-morphisms of cyclic groups. 
The reflection index
As set in the previous section, the dihedral group D n of order 2n is given by the presentation
Proof. We proceed by induction on n. The lemma can be checked readily if n ≤ 6, hence from now on it is assumed that n > 6. We may also assume that n is even, because if n is odd, then the lemma follows from the classification of non-balanced regular Cayley maps for D n with n odd given in [11, Theorem 3.2] . If L(A n ) has trivial core in Aut(M), then the lemma follows from Theorem 2.6 and Remark 2.7. Thus we assume that there exists a subgroup P < A n such that L(P ) ⊳ Aut(M) and |P | = p is a prime number.
Let X a = X ∩ A n and A * = X a . Assume, towards a contradiction, that A * = A n . Since L(P ) ⊳ Aut(M), D n /P is a block system for Aut(M). Let us consider the quotient map M/P = CM(D n /P, X/P, p Dn/P ), see Proposition 2.5 and the preceding paragraph. Since X/P ∩ A n /P = ∅, the induction hypothesis gives X a /P = A n /P . Thus A n = X a P = X a P = A * P . Since A * = A n , P ≤ A * , and so A n = P × A * (also, p ∤ |A * | as A n is a cyclic group). A right P -coset intersecting X will have the same number of common elements with X. Since P ≤ A * , this number is 1. This implies that |ψ| = |ψ Dn/P |, where ψ Dn/P is the skew-morphisms of D n /P induced by ψ (see Proposition 2.5). Thus π and π Dn/P take the same number of values, and therefore, |D n : ker(π)| = |D n /P : ker(π Dn/P )|, which gives | ker(π)| = p · | ker(π Dn/P )|. By Theorem 2.9, | ker(π Dn/P )| ≥ 4 or n/p = 3. Since n is even and larger than 6, we find that ker(π) ≥ 4p. By Proposition 2.8, and using also that p 2 ∤ |A n |, there exists a subgroup Q < A n such that L(Q) ⊳ Aut(M) and |Q| = q is a prime number and p = q. Then Q ≤ A * = X a , and hence A * = A * Q = X a Q . This implies that X a /Q = A * /Q. On the other hand, by induction, X a /Q must generate A n /Q, implying that A * = A n , a contradiction. The lemma is proved.
Proof. We set X a = X ∩ A n . Let N be the largest subgroup of A n such that the L(N)-orbits form a system of blocks for Aut(M).
is also a regular Cayley map with associated skew-morphisms ψ Dn/P by Proposition 2.5. Clearly, |A n /N| ≥ 2. Observe that M/N is a core-free map, i. e., the cyclic subgroup L(A n /N) is core-free in Aut(M/N). By Theorem 2.6 and Remark 2.7, we may assume, up to equivalence, that one of the following holds:
(i) n/|N| = 2, and p Dn/N = (Nb, Nab, Na);
(ii) n/|N| = 3, and p Dn/N = (Na −1 , Na, Nb, Na 2 b);
(iii) n/|N| = 4, and p Dn/N = (Nb, Na, Na −1 ); (iv) n/|N| ≡ 2( mod 4), and p Dn/N = (Nb, Na, Na 2 b, . . . , Na −1 ).
We give a detailed proof for cases (i) and (ii), and only a sketch for cases (iii) and (iv) because they are obtained by repeating very similar processes.
It is easily seen that X a is an orbit under ϕ . The power function π Dn/N takes on 1 for every element in D n /N. Thus π(x) ≡ 1( mod 3) for every x ∈ D n , see Proposition 2.5(5), and thus we can write for any x, y ∈ D n ,
for some integer k. This gives that ϕ is a skew-morphism of D n . As X a = A n , see Lemma 3.1, ϕ maps A n to itself. Letφ be the restriction of ϕ to A n . Thenφ is a skew-morphism of the cyclic group A n such that X a is an φ -orbit which generates A n . By Proposition 2.10, X a contains a generator of A n .
(ii): Let ϕ = ψ 4 . In this case X a splits into two orbits under ϕ , say X 
As in case (i), we deduce from this that ϕ is a skew-morphism of D n which maps A n to itself. Now, the restriction of ϕ to A n is a skew-morphism of A n with (X a ) (1) is a generating orbit. The proof can be finished again by Proposition 2.10.
(iii) -(iv): We let ϕ = ψ 3 in case (iii), and ϕ = ψ 2 in case (iv). Then we show that ϕ is a skew-morphism of D n which maps A n to itself. In case (iii) the set X a splits into two orbits under ϕ which are inverses to one another, while X a is an ϕ -orbit in case (iv). Finally, we finish the proof by applying Proposition 2.10 to the restriction of ϕ to A n . 
Proof. Let p = (x 0 , x 1 , . . . , x d−1 ). Suppose there exists an automorphism α ∈ Aut(D n ) such that α(X) = X and for any x ∈ X, α(p(x)) = p −1 (α(x)). Then α(1 Dn ) = 1 Dn . For any g ∈ D n and x ∈ X, α(g)
Hence α is an antirotary mapping of M, and consequently M is reflexible by Proposition 2.4. Assume that M is reflexible and balanced. Note that for any i = 0, . . . , d − 1, x i ∈ B n . Since M is regular, we can choose an orientation-reversing map automorphism ψ of M satisfying that ψ(1 Dn ) = 1 Dn and ψ(x i ) = x −i for any i = 0, . . . , d−1. This means that ψ(X) = X and ψ(p(
Suppose that there exists a positive integer j with j ≥ 1 such that for any
by Proposition 2.3. Therefore ψ is a group automorphism of D n .
For the remaining case, let M be reflexible and X ∩ A n = ∅. By Lemma 3.2, there exists x k ∈ X such that A n = x k . Let c(k) = r, namely x r = x −1 k . Since M is regular, we can choose an orientation-reversing map automorphism ψ 1 of M satisfying that ψ 1 (1 Dn ) = 1 Dn and ψ 1 (x k ) = x r = x −1 k . Note that for any i = 0, . . . , d − 1, ψ 1 (x k+i ) = x r−i and hence ψ 1 (X) = X and ψ 1 (p(x k+i )) = ψ 1 (x k+i+1 ) = x r−i−1 = p −1 (x r−i ) = p −1 (ψ 1 (x k+i )). Suppose that for some positive integer j with j ≥ 1,
by Proposition 2.3. Hence for any a i ∈ A n , ψ 1 (a i ) = a −i and for any
Therefore for any i = 0, . . . , n − 1,
Therefore ψ 1 is a group automorphism of D n .
The proof of Lemma 3.3 implies that if M = CM(D n , X, p) is a reflexible regular balanced Cayley map then any orientation-reversing automorphism of M fixing 1 Dn is also a group automorphism. For a reflexible regular non-balanced Cayley map M = CM(D n , X, p), the proof of Lemma 3.3 implies that there exists a α −1,j ∈ Aut(D n ) which is also an orientation-reversing map automorphism of M. So we have the following corollay.
Corollary 3.4. Let M = CM(D n , X, p) be a regular non-balanced Cayley map for the dihedral group D n . Now M is reflexible if and only if there exists an automorphism
We call such α in Corollay 3.4 a partially inverting reflection of M. In fact, there is a unique partially inverting reflection of M and for any
i , x i ∈ X ∩ A n , k ≥ 1} and call it the reflection index of M and denote it by r(M).
Proof of Theorem 1.1
In this Section we prove Theorem 1.1, namely we classify reflexible regular Cayley maps for the dihedral groups D n . All lemmas in this section give a proof of Theorem 1.1.
If M = CM(D n , X, p) is a reflexible regular Cayley map for the dihedral group D n and its valency d is 2, then one can easily show that M is isomorphic to CM(D n , {b, ab}, p = (b, ab)), which is reflexible regular. For d = 3, we have the following lemma. (D 2 , {b, ab, a}, (b, ab, a) 
Proof. The underlying graphs of CM(D 2 , {b, ab, a}, (b, ab, a)), CM(D 3 , {b, ab, a 2 b}, (b, ab, a 2 b)) and CM(D 4 , {b, a, a −1 }, (b, a, a −1 )) are the complete graph K 4 , the complete bipartite graph K 3,3 and 3-cube Q 3 , respectively, and one can easily show that these Cayley maps are reflexible regular.
Let M = CM(D n , X, p) be a reflexible regular Cayley map for the dihedral group D n of valency d = 3. If n = 2, then one can easily show that M = CM(D 2 , {b, ab, a}, (b, ab, a)). Assume that n ≥ 3. Suppose that M is balanced. Then M is isomorphic to CM(D n , {b, ab, a ℓ+1 b}, (b, ab, a ℓ+1 b)) for some ℓ satisfying ℓ 2 + ℓ + 1 ≡ 0( mod n). By Lemma 3.3, one can assume that there exists a group automorphism ψ of D n such that
This means that ℓ = 1 and hence M is isomorphic to CM(D 3 , {b, ab, a 2 b}, (b, ab, a 2 b)). For the remaining case, let X ∩ A n = ∅ and let p = (x 0 , x 1 , x 2 ) such that x 0 ∈ B n and x −1 1 = x 2 . By Proposition 2.2 and Lemma 3.2, one can assume that p = (b, a, a −1 ). Now, ker(π) = a 2 , ab and for any g ∈ D n \ ker(π), π(g) = 2. This means that
Since ab = ba −1 , we have a 2 = a −2 . Since we assume n ≥ 3, n = 4 and M is isomorphic to CM(D 4 , {b, a, a −1 }, (b, a, a −1 )).
In Lemma 4.1, we classify reflexible regular Cayley maps for D n of valency 3. From now on, we assume that the valency of M is greater than or equal to 4. We show that the Cayley map M i in Theorem 1.1 is reflexible regular and any reflexible regular Cayley map for D n with valency d ≥ 4 is isomorphic to M i in Theorem 1.1. Proof. If n is even then let n = 2m. For any i = 1, . . . , 6, let ϕ i , π i and ψ i be defined as follows. Now one can check that ϕ i is a skew-morphism of D n with associated power function π i and X i is an orbit of ϕ i which is a generating set of D n and closed under inverse, and the restriction of ϕ i on X i is p i . Hence M i is regular. Furthermore ψ i is a group automorphism of D n satisfying ψ i (X i ) = X i and ψ i (p(x)) = p −1 (ψ i (x)) for any x ∈ X i . So M i is reflexible by Lemma 3.3. Let j be an integer.
. By Lemma 3.3, one can assume that there exists a group automorphism ψ of D n such that
From now on, we aim to consider reflexible regular non-balanced Cayley maps for the dihedral group D n in terms of rotation index. 
The covalency (face size) of M is the order n of a, which equals to 3 times the order of a −1 ba 2 b = a −3 . This implies that n is a multiple of 3 and hence M is isomorphic to M 4 .
Assume that d ≥ 5. Note that if x i ∈ A n then x −1 i = x d+1−i , and if x i ∈ B n then x d+1−i also belongs to B n . Our discussion can be divided into the following cases.
. By continuing the similar process, one can get that for any x k ∈ X, x k ∈ A n . It contradicts that X is a generating set of D n .
which implies that 2i = 2j. Furthermore we have . Note that π(a
. The covalency (face size) of M is the order n of a, which equals to 4 times the order of a
. This implies that n is a multiple of 4. Note that π(a) = 2 and by Proposition 2.1,
Hence a 4 is the cyclic subgroup of ker(π) of the maximum order. Since π(a) = π(a −1+ 
So 2i ≡ 2j( mod n). Since a −2i = a −2j and
which means that ϕ −1 (a −j ) = a −i−j b. So we have 2j ≡ 2i ≡ −2j( mod n), and hence 4j ≡ 0( mod n). This implies that {a
Now we can assume that
we have ϕ(a k 1 b) = a 3i , namely x 3 = a 3i and x d−3 = a −3i . Hence we have
This implies that 2k 1 = 4i, namely k 1 = 2i or 2i + n 2 with even n. Now our discussion can be divided into the following two cases. Case 1. Suppose that k 1 = 2i. Assume that there exists a positive integer k with k ≥ 1 such that for non-negative integer j with j ≤ k, x −2j = a −2ji b, x 2j = a 2ji b and
Now we have x 2k+2 = a (2k+2)i b, and hence
we have x 2k+3 = a (2k+3)i and x −2k−3 = a (−2k−3)i . By induction, for any integer j, x 2j = a 2ji b and x 2j+1 = a (2j+1)i . For M to be well-defined, n should be even. Since X is a generating set of D n , the greatest common divisor of i and n is 1. By Proposition 2.2, we can assume that i = 1 up to isomorphism, and hence M is isomorphic to M 2 . . Assume that there exists a positive integer k with k ≥ 1 such that for non-negative integer j with j ≤ k,
we have x 2k+3 = a (2k+3)i and x −2k−3 = a (−2k−3)i . By induction, for any integer j, x 2j = a 2ji+jm b and x 2j+1 = a (2j+1)i . Since X is a generating set of D n , the greatest common divisor of i and n is 1. By Proposition 2.2, we can assume that i = 1 up to isomorphism. Note that the valency d of M is n. For M to be well-defined, n should be a multiple of 4 . Since ϕ(a n 2 bb) = ϕ(a is odd, so n ≡ 2( mod 4), and hence M is isomorphic to M 6 .
In the following lemma, we will show that there is no other reflexible regular Cayley map for D n except all Cayley maps listed in Theorem 1.1. 
